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Abstract— In this paper, we consider cross-layer scheduling
for the downlink of amplify-and-forward (AF) relay assisted or-
thogonal frequency division multiple access (OFDMA) networks.
The proposed cross-layer design takes into account the effects of
imperfect channel state information at transmitter (CSIT) in slow
fading. The rate adaptation, power adaptation, and subcarrier
allocation policies are optimized to maximize the system goodput
(bits/s/Hz successfully received by the mobiles). The optimization
problem is solved by using dual decomposition resulting in a
highly scalable distributed resource allocation algorithm. Simu-
lation results illustrate that the proposed distributed cross-layer
scheduler requires only a small number of iterations to achieves
practically the same performance as the optimal centralized
scheduler.

I. INTRODUCTION

Orthogonal frequency division multiple access (OFDMA) is
a promising candidate for high speed wireless communication
networks, such as WiMAX and future Fourth Generation (4G)
systems [1]. On the other hand, cooperative relaying is an
attractive technique to increase the range of communication
systems without incurring the high costs of additional base sta-
tion deployment. Different relaying strategies such as amplify-
and-forward (AF), compress-and-forward (CF), and decode-
and-forward (DF) have been proposed in the literature. AF is
particularly appealing as the relays only amplify and linearly
process the received signal which leads to low-complexity
transceiver designs. More importantly, AF relays are transpar-
ent to the adaptive modulation techniques that are typically
employed at the base station. For these reasons, AF was
selected as one of the possible relaying modes in IEEE 802.16J
(Mobile Multihop Relay).

In recent years, there has been a growing interest in combing
the concept of relaying with OFDMA/OFDM to enhance
wireless system performance. In the existing literature, e.g.
[2], [3], perfect global channel state information (CSI) of all
links is assumed to be available at the base station and the
relays such that resource allocation can be done optimally.
However, in practice, perfect channel state information at the
transmitter (CSIT) is difficult to obtain for the relay-to-users
links due to the mobility of the users. Besides, existing works
such as [4], [5] focus on centralized scheduling at the base
station. In this case, the computational complexity at the base
station increases exponentially with the number of users/relays
and subcarriers, and the overhead for CSI feedback becomes
significant which limits the scalability of the system in prac-
tice. Therefore, distributed scheduling algorithms which take
into account imperfect CSIT and converge fast to the optimal
solution are needed for practical implementation.

In this paper, we formulate the scheduling problem in AF
relay assisted OFDMA systems as an optimization problem.
By using dual decomposition, the problem is separated into a
master problem and several subproblems. Each relay solves
its own subproblem by utilizing its local CSI without any
help from other relays while the base station updates the
dual variables through the concept of pricing. Therefore, the
computational complexity at the base station and the CSI
feedback overhead are both significantly reduced compared
to optimal centralized scheduling.

The rest of the paper is organized as follows. In Section
II, we outline the model for the considered AF relay assisted
OFDMA system. In Section III, we formulate the resource
allocation as an optimization problem and solve it by dual
decomposition. Section IV presents numerical performance
results for the distributed algorithm. In Section V, we conclude
with a brief summary of our results.

II. RELAY ASSISTED OFDMA NETWORK MODEL

We consider a relay assisted OFDMA downlink packet
transmission network which consists of one base station (BS),
K mobile users, and M relays. All transceivers have single
antennas. The cell coverage is divided into M areas corre-
sponding to the M relays and each user is assigned to a relay
according to the corresponding value of path loss. We assume
that there is no direct transmission between the base station
and mobile users due to heavy shadowing. A time-division
channel allocation with two time slots is used to facilitate
orthogonal relaying [6]. In the first time slot, the base station
broadcasts its signal to the relays. Then, in the second time
slot, the relays amplify the previously received signal and
forward it to the associated users.

A. Channel Model

The channel impulse response has W taps and is time-
invariant (slow fading) within the scheduling slot. Assuming
an OFDMA system with nF subcarriers, in the first time
slot, the (frequency domain) received symbol in subcarrier
i ∈ {1, . . . , nF } at relay m ∈ {1, . . . , M} for user k ∈
{1, . . . , K} is given by

Y
(k)
SRm,i =

√
P

(k)
SRm,ilSRm

HSRm,iX
(k)
i + ZSRm,i (1)

where P
(k)
SRm,i is the transmit signal-to-noise ratio (SNR) for

user k in subcarrier i for the link between the base station and
relay m. X

(k)
i is the symbol transmitted to user k on subcarrier

i in the first time slot. In practice, both the BS and the relays
are placed in relatively high positions and hence the number of
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blockages or scatterers between them are limited and a strong
line of sight is expected. Hence, the channel fading coefficients
between the BS and relay m in subcarrier i, HSRm,i, are
modeled as Rician fading with Rician factor κ, i.e., HSRm,i ∼
CN (

√
κ/(1 + κ), 1/(1 + κ)). lSRm

represents the path loss
between the base station and relay m, and ZSRm,i is additive
white Gaussian noise (AWGN) with distribution CN (0, N0) in
subcarrier i at relay m. Here, CN (μ, σ2) denotes a complex
Gaussian random variable with mean μ and variance σ2. In
order to simplify the subsequent mathematical expressions
and without loss of generality, we assume in the following
a normalized noise variance of N0 = 1 at all relay and user
stations. To improve performance, the signal received at relay
m in subcarrier i in the first time slot is mapped to subcarrier
j ∈ {1, . . . , nF } in the second time slot [7]. Furthermore, the
received signal is multiplied by a gain G

(k)
RDm,j and forwarded

to the destination. The signal received at user k in subcarrier
j from relay m is given by

Y
(k)
RDm,j = G

(k)
RDm,j

√
P

(k)
RDm,j l

(k)
RDm

H
(k)
RDm,jY

(k)
SRm,i + Z

(k)
j (2)

where variables P
(k)
RDm,j , l

(k)
RDm

, H
(k)
RDm,j , and Z

(k)
j are defined

in a similar manner as the corresponding variables for the base
station-to-relay links. Since the users are generally surrounded
by a large number of scatterers, we model the small scale
fading coefficients between relay m and user k as Rayleigh
distributed, i.e., H

(k)
RDm,j ∼ CN (0, 1). Following [6], the gain

is chosen as

|G(k)
RDm,j |2 = 1/(1 + P

(k)
SRm,ilSRm

|HSRm,i|2). (3)

Assuming that all transceivers have the same noise variance
and operate at high SNR, based on (1)–(3) the equivalent SNR
after two hops at user k can be approximated as1 Γ(k)

eqm,i,j ≈

P
(k)
SRm,ilSRm

|HSRm,i|2P (k)
RDm,j l

(k)
RDm

|H(k)
RDm,j |2

P
(k)
SRm,ilSRm

|HSRm,i|2 + P
(k)
RDm,j l

(k)
RDm

|H(k)
RDm,j |2

(4)

B. Channel State Information

We assume that the local path loss information is perfectly
known in all devices due to accurate long term measurements.
Furthermore, since we assume that both the base station and
the relays are static, the associated channel is time-invariant
and can be accurately estimated. Therefore, we can assume
perfect CSIT for the BS–to–relay links. For the relay–to–user
link, we also assume that the user has perfect CSI. However,
due to the mobility of the users and the duplexing delay, this
CSI may be outdated when it reaches the relays. To capture
this phenomenon, we model the estimated CSIT (at the relay)
for the link between relay m and user k in subcarrier j as

Ĥ
(k)
RDm,j = H

(k)
RDm,j + ΔH

(k)
RDm,j (5)

where H
(k)
RDm,j ∼ CN (0, 1) is the actual CSI and ΔH

(k)
RDm,j ∼

CN (0, σ2
e) represents the CSIT error with variance σ2

e .

1The assumption of high SNR is necessary since otherwise the optimization
problem in (11) is not convex.

III. CROSS-LAYER DESIGN

A. Instantaneous Mutual Information and System Goodput

Given perfect CSI at the receiver, the instantaneous mutual
information between the base station and user k using subcar-
rier pair (i, j) in the first and second time slots via relay m
can be approximated for high SNR as

C
(k)
m,i,j ≈ 1

2
log2(1 + Γ(k)

eqm,i,j). (6)

In slow fading with imperfect CSIT, a packet outage occurs
whenever the data rate r

(k)
m,i,j exceeds the instantaneous mutual

information even if channel capacity achieving coding is ap-
plied for error protection. This is because, due to the imperfect
CSIT, the instantaneous mutual information is not known at
the relays and the base station. In order to model the errors due
to packet outage, we consider the performance in terms of the
system goodput rather than the ergodic capacity. Define Um

as the set of users associated with relay m. The weighted av-
erage system goodput is defined as the total average bits/s/Hz
successfully delivered to the K mobile stations through the M
relays (averaged over multiple scheduling slots) and is given
as Ugoodput(P,R,S) =

1
nF

EHSRm ,ĤRDm

⎧⎨
⎩

M∑
m=1

∑
k∈Um

wk

nF∑
i=1

nF∑
j=1

s
(k)
m,i,jr

(k)
m,i,j

×Pr[r(k)
m,i,j ≤ C

(k)
m,i,j |HSRm

, ĤRDm
,Lm]

⎫⎬
⎭ (7)

where EX{·} denotes statistical expectation with respect to
random variable X , and P,R, and S are the power, rate, and
subcarrier allocation policies, respectively. s

(k)
m,i,j ∈ {0, 1} is

the subcarrier allocation indicator. wk is a positive constant
to prioritize different users and to enforce certain notions
of fairness. Vectors ĤRDm

, HSRm
, and Lm contain the

estimated CSIT, Ĥ
(k)
RDm,j , for all links from relay m to users

k ∈ Um, the actual CSIT, HSRm,i, for the link between
the base station and relay m, and the path loss for all links
involving relay m, respectively.

B. Optimization Problem Formulation

The optimal power allocation policy, P∗, rate allocation
policy, R∗, and subcarrier allocation policy, S∗, are given by

(P∗,R∗,S∗) = arg max
P,R,S

Ugoodput(P,R,S)

s.t. C1: Pr[r(k)
m,i,j ≤ C

(k)
m,i,j |HSRm

, ĤRDm
,Lm] = ε, ∀k

C2:
M∑

m=1

∑
k∈Um

nF∑
i=1

nF∑
j=1

s
(k)
m,i,j(P

(k)
RDm,j + P

(k)
SRm,i) ≤ Pt

C3:
M∑

m=1

∑
k∈Um

nF∑
i=1

s
(k)
m,i,j = 1, ∀j

C4:
M∑

m=1

∑
k∈Um

nF∑
j=1

s
(k)
m,i,j = 1, ∀i

C5: P (k)
SRm,i, P

(k)
RDm,j ≥ 0, ∀m, i, j, k

C6: s(k)
m,i,j ∈ {0, 1}, ∀m, i, j, k (8)



In C1, ε denotes the required outage probability for the
transmission to user k, i.e., C1 represents a quality of service
(QoS) metric. C2 is a joint power constraint for the base station
and the relays with total power Pt. Constraints C3, C4, and
C6 are imposed to guarantee that each subcarrier will be used
at most once in each time slot.

C. Transformation of the Optimization Problem

The first step to simplify optimization problem (8) is to
incorporate the outage probability C1 in the objective function.
We introduce the following Lemma.

Lemma 1 (Equivalent rate constraint): For a given outage
probability ε in C1, the equivalent data rate at high SNR is
given by

C1 ⇒ r
(k)
m,i,j =

1
2

log2(1 + Λ(k)
eqm,i,j) (9)

with Λ(k)
eqm,i,j =

P
(k)
SRm,ilSRm

|HSRm,i|2P (k)
RDm,j l

(k)
RDm

F
−1(k)
RDm,j(ε)

P
(k)
SRm,ilSRm

|HSRm,i|2 + P
(k)
RDm,j l

(k)
RDm

F
−1(k)
RDm,j(ε)

(10)

where F
−1(k)
RDm,j(ε) denotes the inverse cumulative distribution

function (cdf) of a non-central chi-square random variable
with 2 degrees of freedom and non-centrality parameter
|Ĥ(k)

RDm,j |2/σ2
e .

Proof 1: Due to page limitation, only a sketch of the proof
is provided. We start by calculating the outage probability in
C1 in (8). Since CSI is available at the scheduler, the only ran-
domness is due to the imperfect CSIT of the relay-to-user link.
Thus, the outage probability can be written as a function of the
cdf of a non-central chi-square random variable, with 2 degrees
of freedom and non-centrality parameter |Ĥ(k)

RDm,j |2/σ2
e . Then

by equating the cdf with the required outage probability ε and
solving for r

(k)
m,i,j , (9) follows immediately.

By substituting (9) into (7) a modified objective function
is obtained and the cross-layer scheduling problem becomes
an NP-hard mixed combinatorial and convex optimization
problem. Therefore, we follow the approach in [8] and relax
constraint C6 in (7). In particular, we allow s

(k)
m,i,j to assume

any real value between zero and one. Then, s
(k)
m,i,j can be

interpreted as a time sharing factor for the K users for utilizing
subcarrier pair (i, j) through relay m. Therefore, using the
modified objective function in Lemma 1, the auxiliary powers
P̃

(k)
SRm,i = P

(k)
SRm,is

(k)
m,i,j and P̃

(k)
RDm,j = P

(k)
RDm,js

(k)
m,i,j , and

the continuous relaxation of C6, we can rewrite problem (8)
as

arg max
P,R,S

M∑
m=1

∑
k∈Um

wk

nF∑
i=1

nF∑
j=1

s
(k)
m,i,j

2
log2

(
1 +

Λ(k)
eqm,i,j

s
(k)
m,i,j

)

s.t. C2:
M∑

m=1

∑
k∈Um

nF∑
i=1

nF∑
j=1

(P̃ (k)
RDm,j + P̃

(k)
SRm,i) ≤ Pt,

C3, C4, C5,

C6: 0 ≤ s
(k)
m,i,j ≤ 1, ∀m, i, j, k (11)

Since the power constraint is instantaneous, average weighted
system goodput maximization is identical to the maximization

of the instantaneous weighted goodput for each set of channel
gains. The new problem is jointly concave with respect to all
optimization variables, under some mild conditions [9], it can
be shown that solving the dual problem is equivalent to solving
the primal problem.

D. Dual Problem Formulation

In this subsection, we solve the cross-layer scheduling
optimization problem by solving its dual. For this purpose,
we first need the Lagrangian function of the primal problem.
Upon rearranging terms, the Lagrangian can be written as

L(λ,γ,β,P,R,S)

=
M∑

m=1

∑
k∈Um

wk

nF∑
i=1

nF∑
j=1

s
(k)
m,i,j

2
log2

(
1 +

Λ(k)
eqm,i,j

s
(k)
m,i,j

)

−λ

M∑
m=1

∑
k∈Um

nF∑
i=1

nF∑
j=1

(P̃ (k)
RDm,j + P̃

(k)
SRm,i)

−
M∑

m=1

∑
k∈Um

nF∑
i=1

nF∑
j=1

βis
(k)
m,i,j −

M∑
m=1

∑
k∈Um

nF∑
i=1

nF∑
j=1

γjs
(k)
m,i,j

+λPt +
nF∑
j=1

γj +
nF∑
i=1

βi (12)

where λ is the Lagrange multiplier corresponding to the joint
power constraint, and γ and β are Lagrange multiplier vectors
associated with the subcarrier usage constraints with elements
γi, i ∈ {1, . . . , nF }, and βj , j ∈ {1, . . . , nF }, respectively.
Thus, the dual problem is given by

min
λ,γ,β≥0

max
P,R,S

L(λ,γ,β,P,R,S). (13)

In the following sections, we solve the above dual problem by
decomposing it into two parts: the first part is a subproblem to
be solved by each relay station; the second part is the master
dual problem to be solved by the base station.

E. Distributed Solution - Subproblem for Each Relay Station

By dual decomposition, relay station m can solve the
following subproblem without assistance from other relays

max
P,R,S

Lm(λ,γ,β,P,R,S) (14)

with

Lm(λ,γ,β,P,R,S)

=
∑

k∈Um

wk

nF∑
i=1

nF∑
j=1

s
(k)
m,i,j

2
log2

(
1 +

Λ(k)
eqm,i,j

s
(k)
m,i,j

)

−λ
∑

k∈Um

nF∑
i=1

nF∑
j=1

(
P̃

(k)
RDm,j + P̃

(k)
SRm,i

)

−
∑

k∈Um

nF∑
i=1

nF∑
j=1

βis
(k)
m,i,j −

∑
k∈Um

nF∑
i=1

nF∑
j=1

γjs
(k)
m,i,j (15)

where the Lagrange multipliers λ, γ, and β are provided by
the base station. Using standard optimization techniques and



the Karush-Kuhn-Tucker (KKT) condition, the optimal power
allocation for subcarrier pair (i, j) is obtained as

P
(k)∗
SRm,i = s

(k)
m,i,j

(
wk/λ − Φ(k)

m,i,j

)+

/
(
1 + Ω(k)

m,i,j

)
P

(k)∗
RDm,j = s

(k)
m,i,j

(
wk/λ − Φ(k)

m,i,j

)+

/
(
1 + 1/Ω(k)

m,i,j

)
(16)

where Φ(k)
m,i,j =

(√
lSRm |HSRm,i|2+

√
l
(k)
RDm

F
−1(k)
RDm,j(ε)

)2

lSRm |HSRm,i|2l
(k)
RDm

F
−1(k)
RDm,j(ε)

,

Ω(k)
m,i,j =

√
lSRm |HSRm,i|2
l
(k)
RDm

F
−1(k)
RDm,j(ε)

, and (x)+ = max{0, x}. In

order to obtain the optimal subcarrier allocation, we take the
derivative of the subproblem with respect to s

(k)
m,i,j and set it

to zero, i.e, ∂Lm

∂s
(k)
m,i,j

= 0, which yields

log2

(
1 +

Λ(k)
eqm,i,j

s
(k)
m,i,j

)
− Λ(k)

eqm,i,j

s
(k)
m,i,j + Λ(k)

eqm,i,j︸ ︷︷ ︸
A

(k)
m,i,j

=
2(γi + βj)

wk

Thus, the subcarrier pair selection determined by relay m is
given by

s
(k)
m,i,j =

{
1 if A

(k)
m,i,j ≥ 2(γi+βj)

wk

0 otherwise
. (17)

The dual variables γi and βj act as prices for using the
subcarrier pair (i, j). Only that user who has large weights
wk and subcarrier pairs with large channel gains is able to
pay the price and is selected by the scheduler. Finally, the
optimal rate allocation r

(k)∗
m,i,j is obtained by substituting (16)

into the equivalent rate constraint in (9) for the subcarriers
with s

(k)
m,i,j = 1.

F. Solution of the Master Dual Problem at the Base Station

The dual function is differentiable and, hence, the gradient
method can be used to solve the minimization of the master
problem in (13)

γi(t + 1) =

⎡
⎣γi(t) − ξ1(t)(1 −

M∑
m=1

∑
k∈Um

nF∑
j=1

s
(k)
m,i,j)

⎤
⎦+

,∀i

βj(t + 1) =

[
βj(t) − ξ2(t)(1 −

M∑
m=1

∑
k∈Um

nF∑
i=1

s
(k)
m,i,j)

]+

,∀j

λ(t + 1) =

⎡
⎣λ(t) − ξ3(t)×

(Pt −
M∑

m=1

∑
k∈Um

nF∑
i=1

nF∑
j=1

P̃
(k)
RDm,j + P̃

(k)
SRm,i)

⎤
⎦+

(18)

where t is the iteration index. By choosing appropriate step
sizes ξ1(t), ξ2(t), and ξ3(t), convergence to the optimal so-
lution is guaranteed [9]. Therefore, in each scheduling time
slot, the base station initializes all Lagrange multipliers and
broadcasts the values to the relays. Then, each relay solves
subproblem (14) and feeds back the solution to the base
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Fig. 1. Dual variable λ versus number of iterations for Pt = 43 dBm, 38
dBm, and 34 dBm for a system with M = 3 relays, K = 10 users, and
nF = 64 subcarriers.

station. Subsequently, the base station updates the Lagrange
multipliers using (18) and broadcasts the new values to the
relays. This process is repeated until convergence is achieved.

IV. RESULTS AND DISCUSSIONS

In this section, we evaluate the system performance using
simulations. A single cell with two ring-shaped boundary
regions is considered. The outer boundary and the inner
boundary have radii of 1 km and 500 m, respectively. There
are M = 3 relay stations equally distributed on the inner
cell boundary for assisting the transmission and K active
users are uniformly distributed between the inner and the
outer boundaries. The number of subcarriers is nF = 64 and
wk = 1,∀k, for illustration. The number of channel taps is
W = 5 and the 3GPP path loss model is used [10]. The small
scale fading coefficients of the base station-to-relay links are
modeled as i.i.d. Rician random variables with Rician factor
equal to 6 dB, while the small scale fading coefficients of
the relay-to-user links are i.i.d. CN (0, 1). The target packet
outage probability is set to ε = 0.01. The weighted average
system goodput is obtained by counting the number of packets
successfully decoded by all users averaged over both the
macroscopic and microscopic fading.

A. Convergence of Distributed Algorithm

Figure 1 illustrates the convergence of λ in time for different
Pt. Most of the time, the distributed algorithm can approach
90-95% of the optimal value after 20 iterations. It should be
noted that the proposed distributed solution provides signifi-
cant reduction in computational complexity at the base station
compared to optimal centralized scheduling and the signaling
overhead for CSIT feedback is comparatively low since only
local CSI is needed at each relay.

B. System Goodput versus Transmit Power

Figure 2 illustrates the average system goodput versus the
total transmit power for K = 10 users with channel estimation
error variance σ2

e = 0.01. The performance of the proposed



34 35 36 37 38 39 40 41 42 43
4

4.5

5

5.5

6

6.5

P
t
 (dBm)

W
ei

gh
te

d 
A

ve
ra

ge
 S

ys
te

m
 G

oo
dp

ut
 (

bi
t/s

/H
z)

 

 

Centralized scheduling algorithm
Distributed scheduling algorithm with 20 iterations
Distributed scheduling algorithm with 10 iterations
Baseline scheduling

Performance gain

Baseline scheduling

Centralized scheduling algorithm

Distributed scheduling algorithm

Fig. 2. Average system goodput versus total transmit power for different
scheduling algorithms and CSIT errors σ2

e = 0.01.

distributed scheduling algorithm with 10 and 20 iterations
is compared with that of the optimal centralized scheduling
algorithm and a baseline round robin scheduler for the same
target outage probability for all users. For the centralized
scheduler, the base station uses the global CSI of each link
to perform an exhaustive search to find the optimal subcarrier
allocation and uses a standard water-filling procedure to obtain
the optimal power allocation and rate adaption. As can be
observed, the performance difference between the distributed
and the optimal centralized schedulers is negligible even
for the case of 10 iterations. For the baseline round robin
scheduler subcarrier mapping is not performed and the power
is optimally allocated in centralized manner. The performance
of the baseline scheme is always worse than that of the
proposed distributed scheduler because the proposed scheduler
fully exploits the available CSI for resource allocation while
the baseline scheduler does not.

C. System Goodput versus Number of Users

Figure 3 depicts the average system goodput versus the
number of users for different CSIT error variances σ2

e . The
total transmit power is 43 dBm and the number of iterations
for the distributed scheduler is 20. It can be observed that
the system goodput grows with the number of users since
the proposed scheduling algorithm is able to exploit multi-
user diversity (MUD). Typically, schedulers cannot exploit
MUD if σ2

e = 1 since the CSIT for the small scale fading
is independent of the actual channel. However, the average
system goodput of the proposed scheduler still grows with the
number of users. This is because the proposed scheduler takes
into account both small scale and large scale fading. Although
the scheduler does not have any information concerning the
small scale fading in the relay-to-user links if σ2

e = 1, the
path loss information is still beneficial for power and rate
adaptation. Therefore, the scheduler can still exploit MUD by
selecting users who are closer to relay station.
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Fig. 3. Average system goodput versus number of users for different CSIT
errors (σ2

e = 0.01, 0.05, 0.1, 1) and Pt = 43 dBm.

V. CONCLUSION

In this paper, taking into account imperfect CSIT, the cross-
layer design of scheduling for AF relay assisted OFDMA
downlink transmission is formulated as a mixed combinatorial
and convex optimization problem. Based on dual decomposi-
tion of the primal problem, a distributed resource allocation
algorithm is derived. Our simulation results show that the
performance of the distributed algorithm approaches that of the
optimal centralized scheduler in a small number of iterations
which confirms the practicality of the proposed scheduler.
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