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Abstract— This paper considers the implementation of
Tomlinson-Harashima (TH) precoding for multiuser MIMO sys-
tems based on quantized channel state information (CSI) at the
transmitter side. Compared with the results in [1], our scheme
applies to more general system setting where the number of users
in system K can be not equal to the number of transmit antenna
nr (K < nr). We also study the achievable average sum rate
of the proposed quantized CSI feedback-based TH precoding
scheme. The expression of an upper bound on the mean loss in
sum rate due to CSI quantization is derived. We also present some
numerical results. Both the analytical and numerical results show
that nonlinear precoding suffers from imperfect CSI more greatly
than linear precoding. Nonlinear TH precoding can achieve much
better performance than that of linear zero-forcing precoding
for both perfect CSI and quantized CSI cases. In addition, our
derived upper bound for TH precoding converges to the true
rate loss faster than the upper bound for zero-forcing precoding
obtained in [2] as the number of feedback bits increases.

I. INTRODUCTION

The performance of a multiple-input multiple-output (MI-
MO) communication system with spatial multiplexing is
severely impaired by the multi-stream interference due to the
simultaneous transmission of parallel data streams. Precoding
matches the transmission to the channel and can reduce
the inter-stream interference. Accordingly, linear precoding
scheme with low complexity are based on zero-forcing (ZF)
[3] or minimum mean-square-error (MMSE) criteria [4]. The
nonlinear pre-processing based on Tomlinson-Harashima (TH)
precoding can achieve significantly better performance than
the linear preprocessing algorithm, since it limits the trans-
mitted power increase while pre-eliminating the inter-stream
interference [1, 5]. This technique employs modulo arithmetic
and has a complexity comparable to that of linear precoders.

As many precoding schemes, the major problem for systems
with TH precoding is the availability of the channel state
information (CSI) at the transmitter. In time division duplex
systems, since the channel can be assumed to be reciprocal,
the CSI can be easily obtained from the channel estimation
during reception. In frequency division duplex (FDD) systems,
the transmitter cannot estimate this information and the CSI
has to be communicated from the receivers to the transmitter
via a feedback channel. In this paper, we will focus on
the implementation of TH precoding in FDD systems. For
linear precoding, there have been extensive research results
for MIMO systems with quantized CSI at the transmitter [2,
6]. However, as far as we know, there has been very few work
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for systems employing TH precoding based on quantized CSI
at transmit side except the very recent work [7], in which TH
precoding was designed based on the available statistics of
the channel magnitude information (CMI) and the quantized
channel direction information (CDI).

In this paper, we design a multiuser spatial TH precoding
based on quantized CSI and ZF criteria. In contrast to [1]
where perfect CSI is at the transmitter side, we assume only
quantized CDI is available at the transmitter. The feedforward
filter as well as the feedback filter are computed at the
transmitter only based on the quantized CDI received at the
transmitter side. We study the achievable average sum rate
of the proposed quantized CSI feedback-based TH precoding
scheme by analytically characterizing the average sum rate
loss as a function of feedback bits per user. Our derived upper
bound for TH precoding tracks the true rate loss quite closely,
and appears to converge faster than the upper bound for ZF
precoding obtained in [2] as the number of feedback bits
increases.

II. SYSTEM MODEL

We consider downlink multi-user MIMO systems where
TH precoding [8] is used at the transmitter for multi-user
interference pre-subtraction. The transmitter is equipped
with nr transmit antennas and / decentralized users
each has a single antenna such that K < np. Let the vector
s =[s1, - ,5K] € CK represent the modulated signal vector,
where si is the k-th modulated symbol stream for user k.
Here we assume that in each of the parallel data streams
an M-ary square constellation (M is a square number) is
employed and the constellation set is A = {s 1+3sql sr, sq €

1, /oy 23y iy o2 (VM - 1) smg

In general, the average transmit symbol energy is normalized,
ie. E{|sp[?} = 1. s is fed to the precoding unit, which
consists of a backward square matrix B and a nonlinear
operator MOD,(-) that acts independently over the real and
imaginary parts of its input as follows

r+T
27 J’

MOD, () —z—ﬂ M

where 7 = VM, /m, |z] is the largest integer not

exceeding z. B must be strictly lower triangular to allow data
precoding in a recursive fashion [1]. TH precoding modulo (1)
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reduces the transmit symbols into the boundary square region
of R = {z + jy|z,y € (—7,7)}. The channel symbols are
equivalently given as
k—1
T = s +di — Y [Blraai, )
=1
where dy, € {27(pr + jpQ)| p1,pq € Z} is properly selected
to ensure the real and imaginary parts of xj, are constrained
into R [1]. The constellation of the modified data symbols
v, = Sk + dj is simply the periodic extension of the original
constellation along the real and imaginary axes. Equivalently,
the effective data symbols v are passed into B, which is
implemented by the feedback structure. Thus, we have

v = Cx, 3)
and

C=B+L )

where v = [vy, -+, vg]T

We will make the standard observation that the elements
of x are almost uncorrelated and uniformly distributed over
the Voronoi region of the constellation R, and that such a
model becomes more precise as np increases [5, Theorem
3.1]. Furthermore, with E {ss”} = I, Ry can be accurately
approximated as Ry = %I [5]. Moreover, the induced
shaping loss by the non-Gaussian signaling leads to the fact
that the achievable rate can be up to 1.53 dB from the channel
capacity [9]. However, as indicated in [l], the so-called
shaping loss can be bridged by higher-dimensional precoding
lattices. A scheme named “inflated lattice” precoding has been
proved to be capacity-achieving in [10]. Thus, following [1],
we will ignore the shaping gap in this work.

A channel spatial pre-equalization are performed at transmit
side using a feedforward precoding matrix F € CnrxK,
Throughout this work, we assume equal power allocation to
all supported users. Then the received signal can be written as

r:\/gHFx—O—n, (@)

where H = [h .- | h%}]T is the compact flat fading channel
matrix consisting all the users’s channel vectors and h;, € C"”
is the channel from the transmitter to user k'. I' is used for
transmit power normalization. F € C""*¥ satisfies transmit
power constraint £Tr{FR F7} = LA Tr{FF¥} = P.
We assume n is the white additive noise at all receivers
with the covariance R,, = I without loss of generality. Each
receiver compensates for the channel gain by dividing by a

factor g, prior to the modulo operation as follows:

y=G (\/?HFX + n) , 6)

where G = diag (g1,1,- - ;QK,K)-

The ordering of the users’ channel vectors in H will affect the precoding
order of the users’ information signals and further affect the performance of
each user. However, at this stage we assume the user channel vectors are
randomly ordered. Thus the TH precoding order of the users is 1,2, , K.

Throughout this work, we assume each receiver can obtain
perfect knowledge of his own CSI through channel estimation
and feeds back this information to the transmitter with zero
delay. In this part, we assume this feedback information is
perfect at transmitter. With perfect CSI at the transmitter, let
the QR decomposition of the compact channels be H = RQ),
where R = [r; ;] € CE*E is a lower left triangular matrix
and Q € CE*"T is a semi-unitary matrix with orthonormal
rows which satisfies QQ’ = I. Then the precoding matrix F
is given as F = Q¥, the scaling matrix G is given as G =
VEA with A = diag (1}, 7l ) and the feedback
matrix reads B = AHF -1 = AR —1. According to transmit
power constraint %%K = P we have I' = %K . With
these processing, the effective data symbols y corrupted by
additive noise can be written as [1]

y =v+Gn. @)

At the receivers, each symbol in y is firstly modulo reduced
into the boundary region of the signal constellation A. A
quantizer of the original constellation will follow the modulo
operation to detect the received signals. The signal-to-noise
ratio (SNR) for receiver k &, can be written as

P
& = f\rk,k|2~ (8)

In the following part, we will describe how to implement
the precoding with quantized CSI obtained at the transmitter.

III. SYSTEM WITH QUANTIZED TRANSMIT CSI

In a FDD system, the transmitter obtains transmit CSI for
the downlink through the limited feedback of B bits by each
receiver. Following the the studies of quantized CSI feedback
in [2, 6], channel direction vector is quantized at each receiver,
and the corresponding index is fed back to the transmitter
via an error and delay-free feedback channel. Given the
quantization codebook W = {wy, - ,w,} (w; € C1X"7),
which is known to both the transmitter and all receivers, each
receiver selects the quantized channel direction vector of its
own channel as follows:

o N 12
hy, = argvrvrilg@{lhszl 5 Q)

where hy, = “th” is the channel direction vector of user k.

In this work, we use random vector quantization (RVQ)
codebook, in which the n quantization vectors are indepen-
dently and isotropically distributed on the nr—dimensional
complex unit sphere [2]. Although RVQ is suboptimal for a
finite-size system, it is very amenable to analysis and also its
performance is close to the optimal quantization [2]. Using
the result in [2], for user k£ we have

Bk :flkcosek—l—flksinek, (10)

where cos?0, = |ka1,{j1 2 h, € C*M js a unit norm
vector isotropically distributed in the orthogonal complement
subspace of hj and independent of sinj. Then H can be
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written as
H:r(¢ﬂ+ﬂﬂ>, (1)
where I' = diag (p1, -+ ,pr) with pg =
diag (cosfy,--- ,cosfx) and @ = diag (sinfy, - ,sinfk),
. . AT - - e
— [&f,--- BE] and B = [, B ]

With the quantized CDI at the transmitter side, the transmit-
ter obtain the feedforward precoding matrix F and feedback
matrix B through the QR decomposition of compact channel
matrix H in the same way as the QR decomposition of matrix
H, ie. H = RQ where matrices R and Q have the same
structure as matrices R and Q respectively. In addition, we
denote |f; ;| as the (¢,j)-th element of matrix R and ¢
as the [-th row of matrlx Q Then we have F = QH and

5 - (aee (11)

the receivers now becomes

G = @ (I‘(I) diag {R})_l.

Using the same operation at the receiver side as that in perfect
CSI case to detect the received signals, ¥ can be further written

as
y=G <\/§HFx+n>

G\/?r (@ﬁ + QH) Fx + Gn

=Vv+ (ti’ diag {1—3{})71 QﬁQHx

L (ra disg {R)) ™
= a
+y/p (r@ dng {R})
where we have used the relationship v = ( diag R!) Rx
The first term is the useful signal for all users and the second
term is interference caused by quantized CSI.
According to (13), the signal-to-interference-plus-noise ratio
(SINR) 7 for receiver k can be written as
1

R — I In addition, the scaling matrix at

(12)

(13)

Ve = 75 "2

B et B Q|12 + P AT Feoor

B %pi|fk7k|2c0520k (14)
E o 1B QF 7 sin? 0y + 1

IV. AVERAGE SUM RATE ANALYSIS UNDER QUANTIZED
CSI FEEDBACK

In this section, we study the achievable average sum rate
of the proposed quantized CSI feedback-based TH precoding
scheme. To simplify analysis, we will characterize the average
sum rate loss as a function of feedback bits per user. For
tractability, throughout this section we assume each user’s
channel is Rayleigh-faded. In the following subsection, we
will first study the statistical distribution of the power of
interference signal at each user caused by quantized CSI at
the transmitter side.

A. Interference Part

In this subsection, assuming Rayleigh fading channel and
RVQ for quantized CSI feedback, we will derive the statistical
distribution of interference part % % by, Q|2 sin? 6y, in (14).
It is well known that p7 has distribution Xén and the distri-
bution of 51112 0. is given in [2,6]. However, since hk 1 hk
(k=1,- K) and Q is determined by hk k=1,--- ,K),
hh for A , KK are not independent of Q Thus, the
distribution of the term |h, Q|2 is still unknown and to
obtain the exact result is not trivial. The following lemma
presents the exact distribution of this interference term. It is
one of the key contributions of this paper.

Lemma 1: For 1 < K < np, the random variables ¢, =
R, QH |2 for k = 1,--- , K follow the same beta distribution
with shape (K — 1) and (np — K) which is denoted as < ~
Beta(K — 1,np — K). In addition, the probability density
function (p.d.f.) of ¢ is given as

1
@) = g =T =R
where 3(a,b) = fol to=1¢5=1d¢ is beta function [11]. Special-
ly, whep [{ = 1 there is no interference term. When K = nr
er = ||hp QM| is equal to 1 which is a constant.

Proof: See Appendix I. [ ]
Lemma 1 implies an very interesting result that, with randomly
ordered user channel vectors, the signal of the user which is
precoded ahead suffers from the same interference signal pow-
er as the signals of the users which are precoded afterwards. In
the following we will only focus on the general situation that
1 < K < np. However, it is easy to check that all obtained
results also apply to special cases of K =1 and K = nr.

K—2(1 anhfl.

— ) (15)

B. An Upper Bound on The Average Sum Rate Loss
The average achievable rate for user & with perfect CSI and
quantized CSI feedback are given as

Rpj =log, (14 &) and Rg . = logy(1 + V),

respectively.

Theorem 1: With B feedback bits per user, the average sum
rate loss of user k due to quantized CSI feedback can be upper
bounded by?

ARy, =E{Rp, — Ro i}

)
log2 (e) Zﬂ< > (16)

where n = 27 is the size of codebook.
The proof is omitted due to limited space. From the results
in [2, Theorem 1], the sum rate loss due to quantized feeback

2Note that, in contrast to ZF precoding, for TH precoding different users
have different average sum rate loss. Interestingly, simulation shows that for
finite SNR the users precoded earlier will suffer from greater sum rate loss.
However, in this work will adopt the average sum rate loss over all supported
users.
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Fig. 1. The average sum rate performance of TH precoding and ZF precoding
for both perfect CSI and quantized CSI.
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Fig. 2. The average sum rate loss per user and corresponding upper bounds
against the number of feedback bits. P = 25 dB.

for zero-forcing beamforming is upper bounded by AR <
log, (1 + PngS (n, nZZI . We find the first term at the right
hand side (RHS) of (16) is approximately AR for high order
constellation, large number of transmit antennas and large
number of supported users. Thus, the second term at the RHS
of (16) can be seen as the sum rate degradation of nonlinear
precoding compared with that of linear precoding when only
quantized CSI is available at transmit side.

V. NUMERICAL RESULTS

In this section we present some numerical results. We
assume n = K = 4. Here the SNR of the systems is defined
to be equal to P.

Fig. 1 shows average sum rate performance of TH precoding
and linear ZF precoding for both perfect CSI and quantized
CSI with 4,8 and 15 feedback bits per user. We can see TH
precoding performs better than linear precoding in both perfect
CSI and quantized CSI cases. When the SNR is small and
moderate, the average sum rate achieved by quantized CSI-
based TH precoding can even be better than that of perfect

CSlI-based linear ZF precoding.

Fig. 2 plots the average sum rate loss per user as a function
of the number of feedback bits for both ZF precoding and
TH precoding in a system at an SNR of 25 dB. We also
plot the upper bound from Theorem 1 in this paper and the
upper bound from Theorem 1 in [2]. From the figure we can
see that nonlinear precoding suffers from imperfect CSI more
greatly than linear precoding does. However, the performance
of nonlinear precoding can still be better than linear precoding
when SNR is not large or the feedback quantization resolution
is high enough. In addition, we notice that the upper bound
for TH precoding tracks the true rate loss quite closely, and
appears to converge faster than the upper bound for linear
precoding obtained in [2] as B increases.

VI. CONCLUSION

In this paper, we have investigated the implementation of
TH precoding in downlink multiuser MIMO system with
quantized CSI at transmit side. In particular, our scheme
generalized the results in [1] to more general system setting
where the number of users in system K can be not equal to
the number of transmit antenna np. In addition, we studied
the achievable average sum rate of the proposed scheme by
deriving an expression of an upper bound on the mean loss
in sum rate due to CSI quantization. Our numerical results
showed that nonlinear TH precoding could achieve much
better performance than that of linear zero-forcing precoding
for both perfect CSI and quantized CSI cases. In addition, our
derived upper bound for TH precoding converged to the true
rate loss faster than the upper bound for zero-forcing precoding
obtained in [2] as the number of feedback bits increase.

APPENDIX I
PROOF OF Lemma 1

The results for the special cases that K = 1 and np
are trivial. In the following we will consider the cases that
1 < K < np. Since the user channel vectors in H are
unordered, so are the quantized channel direction vectors in

" . N T A
H= [th, e ,h};} . According to QR decomposition of H
we have

k
hy, = ka,lflu a7
=1
If we require 7;; > 0 for s = 1,--- , K, this decomposition
is unique. Particularly, we have #;; = 1 and q; = fll. In
addition, hy, are isotropically distributed in the null space of
flk [2]. Thus, for £k = 1 we have ﬁlL Q. or equivalently fll
is an isotropically distributed unit vector in the null space of
qi.

With the assumption of RVQ, the quantized channel di-
rection vectors flk,k = 1,---,K are independently and
isotropically distributed on the ny—dimensional complex unit
sphere due to the assumption of i.i.d. Rayleigh fading. Thus
we can conclude that the orthonormal basis qi,---,qx of
the subspace spanned by quantized channel vectors flk, k=
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Pnr—1) (7 =K-1,\"7~&-1 e K-1, _
Fltn. i) = | TR (1- T 0) p tiz0i=1 KoL) n =1 (18)
, otherwise
. . . N N T .. . . .
1,---, K have no preference of direction, i.e., [q?, - ,q?{] elements, the above QR decomposition of H is unique. Using
is isotropically distributed in the K x nr semi-unitary space. Givens transformation, there is a series of Givens matrices
Thus, to derive the distribution of ¢, = |[|h1Q||?, we can Gy,--- ,Gg_; € CEXE which satisfy PRG,---Gg_; =

assume q; = e; for ¢ = 1,--- , K without loss of generality,
where e; is the i-th row of the identity matrix I,,,.. Recall that
h, 1§, thus the random vector h; can be written in the form
of h; = [0, v], where the vector v = [v1,v2,- -+ ,VUp,.—1] IS
isotropically distributed on the (np — 1)-dimensional complex
unit sphere. Then &1 = b, Q> = S0 " |ul?. Let t; =
|vg|2. It has been obtained in [12] that the joint p.d.f. of
t1, -+ ,tx—1 is given by (18) which is shown at the top
of next page. Now we want to obtain the distribution of
up = Y05 1. We define the following transformation of
variables

K-1

Uy = Ztl, u; = 1;

It is easy to obtain the corresponding Jacobian is .JJ = 1. Thus

fori=2,--- , K —1.

the joint p.d.f. of uy, -+ ,up_1 is
Ty —1) —K-1
ful,...,u;\"1 (2,’1, xlx-l) F(TLT — K) ( ml)nT .
(19)
Since 0 < t; <1, we have 0 < t; = uy — ZKQIUZ < 1.

The region of the random variables can be obtained as D =
{(ula"' aul{fl) | 0< Zf{gluz < up < 1 0 < Us <
lfori=2---,K— 1}. Then the marginal dlstrlbutlon of u
can be obtained as

fuy (@

/ /f z,To...,tx—1) dzo - drr_1

/ / F(nT - K) (1—2)™ " day- - dzg s
(a) F(nT ) (1 _ ) np—K—1 LL’K_Q
T(nr — K) (K —2)!

which is given by (15), where in (a) we have used the identity
J[f dt1~~~dtn:hn—wf[11].Weﬁndthat81:u1
iy ti<h
120, ,tn>0
follows beta distribution with shape (K — 1) and (ny — K).
In the following we will prove ;s have the same distribution.
Gy
We denote H, = P,H = [hi(l),--- ,hz(m} the
matrix obtained by permutating the row vector of matrix
H according to the permutation 7 of (1,2,---, K), where
7 is channel-independent and P, = [1,(), - ,1,,(1\')]T
is the permutation matrix corresponding to 7 and 1g(;) is
the 7r(i)-th column of identity matrix. Then the QR de-
composition of H, can be written as H, = P,RQ =
R7r Q,,. With the assumption that R7r has positive diagonal

R, where R, € CKX*X is a lower triangular matrix with
positive diagonal elements. Since Givens matrix is unitary, we

have G - GK_le{f = ~GH =1 So H,: can be written
as He = R:G{l_,---G{'Q. Let Q= = G}[_,---G{'Q,
we have H; = R,Q, where Q, is _unitary. Thus H, =

R, Q. is also a QR decomposition of H, - Using the unique-
ness of QR decomposition, we conclude that Q. = Q,T and
R = R,. Thus we have

o = [, QY2
= |0 QEGE_, -
®)
b, QH 2,
where (b) is due the fact that matrix G; is unitary for ¢ =
X , K — 1. If we let w(1) = k, hy will be the first row
of H,. According to the previous derivation in the proof, we

know ¢, for k= 2,---, K — 1 have the same distribution as
€1 whose p.d.f. is give by (15).

G|
(20)
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