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Abstract—In this paper, we investigate power efficient resource
allocation algorithm design for multiuser wireless commurication
systems employing a full-duplex (FD) radio base station for
serving multiple half-duplex (HD) downlink and uplink users
simultaneously. We propose a multi-objective optimizatio
framework for achieving two conflicting yet desirable systen
design objectives, i.e., total downlink transmit power minmization
and total uplink transmit power minimization, while guaran teeing
the quality-of-service of all users. To this end, the weiglad
Tchebycheff method is adopted to formulate a multi-objectve
optimization problem (MOOP). Although the considered MOOP
is non-convex, we solve it optimally by semidefinite programming
relaxation. Simulation results not only unveil the trade-df between
the total downlink and the total uplink transmit power, but also
confirm that the proposed FD system provides substantial poar
savings over traditional HD systems.

I. INTRODUCTION

The exponential growth in high data rate communlcatlsgggler while guaranteeing secure communication for a single
i

has triggered a tremendous demand for radio resources

as bandwidth and energy. A relevant technique for reduci
the energy and bandwidth consumption for given quality-o

outage probability of MIMO FD single-user relaying systems
In [4], a resource allocation algorithm was proposed for the
maximization of the end-to-end system data rate of multi-
carrier MIMO FD relaying systems. If][5], massive MIMO
was applied in FD relaying systems to facilitate Sl suppogss
and to improve spectral efficiency. Simultaneous downlind a
uplink transmission in small cells was studied if [6], where
a suboptimal downlink beamformer was designed to improve
the system throughput. However, the power consumption in FD
systems has not been thoroughly studied in the literatufarso
[BI-[6].

On the other hand, a large amount of work has been
devoted to power efficient/green communications because of
the pressure stemming from environmental concerns and the
rapidly increasing cost of energy![7]=[10]. 1a][7], dowrkin
beamforming was proposed to minimize the total transmit

red user. In[[8], both uplink and downlink beamforming
re studied for total transmit power minimization in MU-
IMO systems. In[[9], a power efficient scheduling scheme

service (QQS) requirements is multiple-input multipletf:n.u. was designed to minimize the power consumption of multihop
(MIMO) as it offers extra degrees of freedom for more efﬂdnequre'ess links. In[[1D], the maximization of the energy efitcy

resource allocation. However, the MIMO gain may be diffic

. . . ) : . u'(Bf multi-carrier systems was studied. However, all of thewe
to achieve in practice due to the high computational conifylex

of MIMO receivers. As an alternative, multiuser MIMO (MU-

works focus on HD systems and the obtained results may
not be applicable to FD communication systems. In particula

MIMO) has been proposed as an effective technique fﬁftal downlink and total uplink transmit power minimizatio

achieving the MIMO performance gain. In particular, in MU
MIMO, a transmitter with multiple antennas (e.g. a basdmtat

are conflicting design objectives in FD systems. However,

the intricate trade-off between downlink and uplink power

(BS)) serves multiple single-antenna users which shifes th,q,mption in FD systems has not been studied in the literat

computational complexity from the receivers to the trarigmi
[1]. Nevertheless, the spectral resource is still undézat

even if MU-MIMO is employed due to the traditional half-

[7]-[10]. Such a trade-off does not exist in HD systems since
downlink and uplink transmission are separated either & th
time domain or in the frequency domain. Besides, the single-

duplex (HD) operation of the BS, where uplink and downlink,.o tive optimization frameworks ifi|[7J=[L0] are not siite
communication are separated in either time or frequenc:lewhlfOr studying the trade-off between downlink and uplink powe

leads to a significant loss in spectral efficiency.

consumption in FD systems.

As a result, full-duplex (FD) wireless communications has \qtivated by the aforementioned observations, we propose

recently received significant attention from both acadeamd
industry due to its potential to double the spectral efficieaf
the existing wireless communication systefds [2]-[6]. Intcast

to conventional HD transmission, FD enables simultaneo
downlink and uplink transmission at the same frequenoy
However, in practice, a major challenge in FD communicati

is self-interference (SI) caused by the signal leakage ftloen
downlink transmission to the uplink signal reception. Besi

the resource allocation for FD systems is complicated bythe

channel interference (CCI) caused by the uplink transioist
the downlink transmission. Thus, different resource altimn

a multi-objective optimization problem (MOOP) formulatio

which minimizes the total downlink and the total uplink tsamit
owers subject to QoS constraints for MU-MIMO FD wireless
Smmunication systems. The proposed MOOP is formulated
adopting the weighted Tchebycheff method and solved

timally by semidefinite programming (SDP) relaxation.

Il. SYSTEM MODEL

In this section, we present the adopted MU-MIMO channel
model for FD wireless communication systems.

designs for FD systems were proposed and studied to overcogmeNotation

these challenges. The authors[af [3] investigated the eredtl
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indicates thatA is a positive semidefinite matrixty is the ‘
N x N identity matrix; CV* denotes the set of alV x M o | Co-channel
matrices with complex entrie&]"V denotes the set of alV x N Full-duplex . | interference
Hermitian matrices{-| and ||-|| denote the absolute value of a | base station
complex scalar and the Euclidean vector norm, respectively
&£{-} denotes statistical expectation; the circularly symmetri <
complex Gaussian distribution with meanand variancer? is Self-interference
denoted byCN (i, 0?); and~ stands for “distributed as”. Downlink user

respectively;A~! and At represent the inverse and Moore- R ““k-‘“foﬂ“a"“’“ L%l or
Penrose pseudoinverse of matr, respectively;A = 0 ue /
N
/
¥, N

B. Multiuser System Model Fig. 1. A multiuser communication system with a full-dupléxD) radio
. . o base station (BS)K = 1 half-duplex (HD) downlink users, and = 1 HD
We consider a multiuser communication system. The systeplink users. The BS is equipped withip antennas for simultaneous uplink

consists of an FD radio BSX downlink users, and/ uplink —and downlink communication.

users, cf. Figur€]l. The FD radio BS is equipped wkh >

1 antennas for simultaneous downlink transmission and kiplin In each scheduling time slot, the FD radio BS transmits
reception in the same frequency bAnd@he K + J users are K independent signal streams simultaneously at the same
single-antenna HD mobile communication devices to enswve | frequency to thel downlink users. In particular, the transmit
hardware complexity. The downlink and the uplink users agignal vector
scheduled for simultaneous uplink and downlink transroissi DL
Besides, we assume that the global channel state informatio Xp, = Widg ®3)

(CSI) of all users is perfectly known at the BS for resourcg adopted at the BS, wher" € C andw;, € CNrx! are

allocation. the information bearing signal for downlink usér and the
C. Channel Model corresponding beamforming vector, respectively. Withiogts

H DL |27 __ UL|2\7
We focus on a frequency flat fading channel. The receiv%;l generallty, we assumé{|d;|"} = E{|d;"[*} = 1,Vk €
signals at downlink usek € {1,..., K} and the FD radio BS L....K}Ljefl,....J}.
are given by I1l. PROBLEM FORMULATION

K . . . . B
yPL = hix, + Z hfx,, In this sec_tlon, we f|rsf[ define the ad(_)pte_d performance metri

for the considered multiuser communication system. The:n, w
——— formulate the downlink and uplink power allocation probkem

multiuser interference The number of antennas at the FD radio BS is assumed to be

J larger than the number of uplink users to facilitate uplilgnsl
+ E VPifirdi® 4+ np% and (1) detection, i.e. N > J.
j=1

m#k

—_—— .
co-channel interference A. Performance Metrics

oL J oL K The receive signal-to-interference-plus-noise ratioNg®) at
yU = VPigidi" + HgY xx + z (2) downlink userk is given by
j=1

k=1
5/_/ hHW 2
self-interference b= = Jk| @
respectively, wherex, € CN7*! denotes the transmit signal > hffwinl? + 30 Pl finl? + 02,
m#k Jj=1

vector from the FD radio BS to downlink uskér The downlink
channel between the FD radio BS and usés denoted byhy, € On the other hand, the receive SINR of uplink ugeat the
CNt>1andf; € C represents the channel between uplink usep radio BS is given by

j and downlink uset. Variablesd™ and P; are the transmit

data and the transmit power sent from uplink ugéo the FD UL _ Pjlgv,|? 5)
radio BS, respectively. Vectg; € CV7*! denotes the channel J J el L ) ) 2’
between uplink use and the FD radio BS. MatriHg; € gé:j|gr Vil +k¥1|"j Hsiwy|? + o ||v; |

CNtxNt denotes the Sl channel at the FD radio BS. Variables
hy, fix g;, andHgy capture the joint effect of path loss andvhere v; € CVt*! is the receive beamforming vector for
small scale fadingz ~ CN(0,021y,) andnp™ ~ CN(0,02,) decoding of the information received from uplink ugein this
represent the additive white Gaussian noise (AWGN) at the Fdaper, zero-forcing receive beamforming (ZF-BF) is addpte
radio BS and downlink usek, respectively. In[{ll), the term We note that ZF-BF closely approaches the performance of
Zﬁ# hf'x,, represents the multiuser interference (MUI) iroptimal minimum mean square error beamforming (MMSE-BF)
the downlink channel, and the terE}]:l \/Jijj_,kd}JL denotes when the noise term is not dominatirlg__[ﬂlc}r the number

the CCI created by the uplink users to downlink usetn (2), of antennas is sufficiently largel[5]. Besides, ZF-BF faafbs
the termHs; Zszlxk represents the SI. the design of a computational efficient resource allocation

1We note that circulator based FD radio prototypes which canstnit and 2We note that the noise power at the BS is not expected to beotinéndting
receive signals simultaneously on the same antennas haved®nonstrated factor for the system performance since the BS is usuallyppgd with a high
quality low-noise amplifier (LNA).



algorithm. Hence, the receive beamformer for uplink usés resort to multi-objective optimization. In the literatun@ulti-
chosen as objective optimization is often adopted to study the traffe-
HH between conflicting system design objectives via the cancep
= (1,;,Q")", (6)  of Pareto optimality. A point is Pareto optimal if there is no
: o1~ other point that improves at least one of the objectivesauith
whereu; = [\0’ N "0,’ 1’\0’ 0] Q' =(Q"Q)'Q", and detriment to anotherobjectﬁeln order to capture the complete
(5-1) (J=3) Pareto optimal set, we formulate a third optimization peoil
Q=l[g1--.,84] to investigate the trade-off between Problénand Problent
by using the weighted Tchebycheff methdd]|[12]. The resgltin
problem formulation is given as:
We first study the problem formulation of two desirable Problem 3 (Multi-Objective Optimization):
system design objectives for the considered FD wireledssys

B. Optimization Problem Formulation

minimize max Ai| Qi(wi, Pj) — Q

Then, we investigate the two system objectives jointly uride wi, Py i=1,2 ’

framework of multi-objective optimization. The first codsred st. C1-C3 9)

problem is designed to minimize the total downlink transmit % )

power and given by W ere Qi(wi, Pj) = Zk 1HWk|| and Qz(wy, Pj) =
Problem 1 (Total Rownlink Transmit Power Minimization): 2_j—1 £- ConstantQ; is the optimal objective value of the

IZ1 problem In particular, variabl€); is assumed to be a

2
mlnlml € W
PZ ZH d constant for resource allocation. Variable > 0, >°. A\ = 1,

kot k=1

b w2 specifies the priority of thé-th objective compared to the other

s.t. C1: k Jk Fﬂﬁ , VEk, objectives and reflects the preference of the system opeBsto

S [hE w2+ S Pl fiel? + 02, varying \;, we can obtain a complete Pareto optimal set which

i=1 corresponds to a set of resource allocation policies. Ttihes,
p,|gjlvj|2 oL . operator can select a proper resource allocation policyn fro
C2: m = Freq s V7, the set of available policies. Compared to other formufatio
C3: P, >0, vj e methods for handing MOOPs in the literature (e.g. the weight

. — ) j’

product method and the exponentially weighted criteria?])[1

the weighted Tchebycheff method can achieve the complete

where we defineSy" = Z|gT vjil? + ZlVHHSIWk|2 for Pareto optimal set with a lower computational complexity,
despite th - ity (if f th idered probl

notational simplicity. Be5|desL“DL >0 andFUL S 0arethe | ooPre e NON-CoNVeXity (if any) of the considered proble

reqy, req It is noticed that Problen3 is equivalent to Problem when
minimum required SINRs for downlink usér € {1,..., K} A\ =1and); =0, Vi # j. Here, equivalent means that both

and uplink useyj € {1,...,J}, respectively. problem formulations have the same optimal solution.
Constraint C3 in III7) is the non-negative power constraint

for uplink userj. Problem1 is a non-convex problem due to
constraints C1 and C2. We note that Probletries to minimize
only the total downlink transmit power under constraints-C3 The optimization problems if(71.](8), arid (9) are non-conve
without regard for the consumed uplink transmit powers.  problems due to the non-convexity of constraints C1 and €2. |

The second desirable system objective is the minimizationder to solve the problems efficiently, we recast Probléms
of total uplink transmit power and can be mathematically, and3 as convex optimization problems via SDP relaxation.
formulated as

Problem 2 (Total Uplink Trangmit Power Minimization): A. Semidefinite Programming Relaxation

IV. SOLUTION OF THE OPTIMIZATION PROBLEMS

m1n1m1ze ZP For facilitating the SDP relaxation, we define
Jj=1
st Cl-C3 @© Wi=wiwi, Hy=hh, G; =g/, V; = v;vj’, (10)

Problem?2 targets only the minimization of the total uplinkand rewrite Problemsl-3 into the following equivalent
transmit power under constraints C1-C3 without regardtier tformulations:

consumed downlink transmit power. Transformed Problem 1:,
The two above system design objectives are desirable for the minimize Tr(Wy)
system operator and the users, respectively. However, in FD Wy eHNT Py 1 —
wireless communication systems, these objectives comilitt ~ Tr(H,Wy) DL
each other. On the one hand, the uplink transmission cauks C st Cli ————= > IV + o7, VE,
to the downlink transmission. Hence, the FD radio BS should e
transmit with a high power to ensure the QoS requirements of C2: b5 T (V,Gy) > 19 + 62 Te(V,), Vi
the downlink users. On the other hand, a high downlink transm Fgaj - ‘ S
power results in strong Sl t_o the uplir_wk reception. Her_wce, th C3: P; >0, Vj,
uplink users should transmit with a high power to satisfy the —
minimum required receive SINRs of the uplink users at the FD Ej‘i Wi = 0, V&,
radio BS. However, this would in turn cause high CCI and give C5: Rank(Wy) <1, Vk, (11)

rise to successive increases in transmit power for botmkpli
and downlink transmission. To overcome this problem, we3Please refer td [12] for a detailed discussion of Paretarepiy.



TABLE |

where W, = 0, W, € HYT, and Rank(Wj) < 1 in SYSTEM PARAMETERS
(I1) are imposed to guarantee th&f, = w,w! holds after
optimization and Carrier center frequency 1.9 GHz
' System bandwidth 200 KHz
K J Path Toss exponent 3.6
JhL — Tr(H. W, )+ > P:|f;.|? and 12 Reference distance 30 m
k X:k (HeWon) ; J|fj’k| ’ (12) SI cancellation —80 dB [2]
m;é KJ_ Downlink user noise powevﬁk —83 dBm
Uplink BS noise powerg?2 —110 dBn?*
IJUL = Z Te(V,;G,) + Z TI‘(WngIIVjHSI)- (13) BS antenna gain 10 dBi
r#£j k=1
Transformed Problem 2: ;
V. RESULTS
minimize Z P;
Wi eHNT, Py T In this section, we investigate the performance of the
~ = proposed multi-objective optimization based resourazcalion
s.t. C1-C5b. (14) . ; ) :
scheme through simulations. The simulation parameters are
Transformed Problem 3: specified in TablglI. There ad€ = 3 downlink users and’ = 8

minimize % uplink users in the cell. The users are randomly and unifprmi

N .

Wi distributed between the reference distance and the maximum
it- Cl-Cs, service distance 0250 meters. The FD radio BS is located at
C6: \i(Q; — QF) < t,Vie{1,2}, (15) the center of the cell and equipped witi antennas. The small
scale fading of the downlink channels, uplink channels, and

wh_eret IS an auxnla_ry optimization variable an@{15) is thE’?nter—user channels is modeled as independent and idkytica
epigraph representation ¢fl (9).

Since Problens is a generalization of Problemis and 2, distributed Rayleigh fading. The multipath fading coeéfitis

we focus on the solution of Probleth Transformed Problem Of th_e Sl Ch?”.”e' are generat_ed as m_depe_n_dent and identical
; —~. . distributed Rician random variables with Rician factodB.
3 is a non-convex problem due to the rank-one constr@mt

and solving such a rank-constrained problem is known to

NP-hard [13]. Hence, we relax constraiDb: Rank(Wy) <1 _ .
by removing it from the problem formulation, such that the In Figure[2, we study the trade-off between the downlink

considered problem becomes a convex SDP given by and the uplink total traqsmit powers for diﬁereqt nL_meefs. o]
antennas at the FD radio BS. The trade-off region is obtained

B€ Transmit Power Trade-off Region

minimize ¢ by solving [18) for differen) < \; < 1,Vi € {1,2}, i.e., the
WieHTT Bt A are varied uniformly using a step size 0f01 subject to
s.t. Cl1-C4,C6. (16) 3.\ = 1. Without loss of generality, we assume all downlink

, - users and all uplink users require the same SINRS, respbgtiv
The relaxed convex problem i {16) can be solved efficiengly b DL _ DL _ 10 dB andl“}i%lv — TUL _ 6 dB. It can

> - 1L,
standard convex program solvers such as CVX [14]. Besides,’ "4 req j req

if the solution obtained for a relaxed SDP problem is a ran € observed from Figure 2 that the total uplink transmit powe

one matrix, i.e.Rank(Wy) — 1 for W), # 0, Vk, then it is IS a monotonically decreasing function with respect to titalt
also the optimal solution of the original problem. Othemyis dov_vnlmk transmit power. In other worqls, minimizing theatbt_
general, the solution of[16) serves as a lower bound for tHB“nk power consumption leads to a higher power consumptio

original problem[(Ib) due to the larger feasible solutiohise |n.the-d0\./vnllnk and vice versa. This rgsult confirms that the
). minimization of the total uplink transmit power and the tota

Next, we reveal a sufficient condition for obtaining a rameo downlink transmit power are conflicting objectives. For tase

solution W/, for the relaxed version of Transformed Problém of ].VT - 19* 10.9 dB in upllnk_ transmit power can be saved
in the following theorem. by increasing the total downlink transmit power By5 dB.

Theorem 1:Under the condition that the channel vectorlsn addition, Figure P alsq indicates that a significant gnuoun
of the downlink usershy, k € {1,..., K}, and the uplink of power can be saved in the FD system by increasing the

users,g;.j € {L,....J}, can be modeled as statisticall));umber of antennas. This is due to the fact that the extra

independent random variables, the solutional (16) is ramik; egrees freedom offered by the additional antennas taeilit
i.e., Rank(W}) = 1 for Wy 7&(’) Wk, with probability one ’ a more power efficient resource allocation. However, there i

. - diminishing return in the power saving as the numbers of
Proof: Please refer to the Appendix. a .
In other words, whenever the channels satisfy the conditiRtennas at the FD BS increase due to channel hardenihg [11]

: - * For comparison, we also consider a baseline multiuserrsyste
stated in Theoren, the optimal beamformew; of can be L . . )
obtained with probabilityF())ne Pof @ with a HD radio BS. In particular, the HD radio BS is

Remark 1:Exploiting Theor.eml Probleml and Problen® equipped withNt antennas which are utilized for transmitting
can also be solved optimally via éDP relaxation. In parécul or receiving in non-overlapping equal-length time intdsva\s

for \y = 1. \y = 0, andQ* = 0, the problem in becomesa_resu“' b(_)th Sl and CCI are avoided. In order to have a
Probllemlj f?)r Ay = 1%11 -0 ang Q3 = 0 Et:fll:lg)problem fair comparison between the FD and the HD systems, we set
1 - 9 - ) 2 1

DL _ DL—-HD UL
in (I8) becomes Problerd. We note that setting)? = 0 in logy (14T, ) = 1/2logy (1+15 ) andlogy(1+ T ) =
Problem3 is used only for recovering the solution of Problems

i i i 4The downlink user noise power is higher than the uplink BSsaqgower
1 and 2. However, this does not imply that the optimal Valugince, unlike cheap mobile devices, the BS is usually eqaippith a high

of Problemi, Vi € {1,2}, is equal to0. quality LNA and a high resolution analog-to-digital corteer(ADC) [15].
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Fig. 2. Average system objective trade-off region achiebgdhe proposed Fig. 3. Average power consumption (dBm) versus the minimeguired
optimal resource allocation scheme. The double-sidedvariadicate the power downlink SINRs (dB) for FD and HD radio BS.
saving due to additional antennas.

UL D ) ~ more degrees of freedom at the FD radio BS have to be utilized
1/2logy(14+'q ") Thus, for the HD radio BS, the requiredio suppress the S to improve the receive SINR of the uplink

SINRs for the downlink and uplink users aig); """ = users. As a result, fewer degrees of freedom are available fo
(1+TR5 )* =1, andTLHP = (1+ T )* — 1, respectively. reducing the downlink transmit power consumption causing
; ,

In addition, the power consumption of downlink and uplinleven higher downlink transmit powers. Besides, Figure 8 als
transmission for the HD system is divided by two since eitheonfirms that both downlink and uplink transmission in the
uplink or downlink transmission is performed at a given timgoroposed FD system are more power efficient compared to the
Then, we optimizéW . to minimize the downlink total transmit HD system.

power, and we optimize’; to minimize the uplink total transmit

power for the optimal MMSE receiver at the HD radio BS VI. CONCLUSIONS

[11]. The power consumption for the baseline HD system is |y this paper, we studied the power allocation algorithm
represented by a single point in Figlile 2 for a given number gésign for MU-MIMO wireless communication systems with
antennas. It can be observed that the power consumptio®of # ED BS. The algorithm design was formulated as a non-
baseline system lies above the curve of the corresponding EGhvex MOOP employing the weighted Tchebycheff method.
system. In the regions which are spanned by the dashed lin¢g proposed MOOP was solved optimally by SDP relaxation.
and the corresponding FD system performance curves, the Efphulation results not only unveiled the trade-off betwéies
systems are more power efficient than the corresponding H&al downlink and the total uplink transmit powers, butoals

systems in both uplink and downlink. In particular, for ttese confirmed that the proposed FD system enables substantial
of Nt = 10, the FD system facilitates more thandB power power savings compared to a HD system.

saving for downlink transmission and more thardB power
saving for uplink transmission compared to the correspandi APPENDIX - PROOF OFTHEOREM 1

HD system. The relaxed version of Transformed Problegrin (18) is

B. Average Transmit Power join_tly convex with respect to the o_p_timi_zation variablesda
] ] ) ) satisfies the Slater’s constraint qualification. Therefsteong
In Figure [3, we investigate the power consumption Quality holds and solving the dual problem is equivalent to
downlink and up}l;rgk users for identical minimum requiredying the primal problem[16]. For obtaining the dual feob,
downlink SINRsI';; - = I'req, @nd identical minimum required e first need the Lagrangian function of the primal problem in

uplink SINRs of I';; = 6 dB. The FD radio BS and the (Ig) which is given by

baseline HD radio BS are both equipped withr = 10

antennas. We select the resource allocation policy Witk 0.1 £(Wk, Pt &k, 05, Y, oy, 91-) (17)
and X = 0.9 which indicates that the system operator attaches X

a higher priority to total uplink transmit power minimizet. _ _ §eHp

It can be observed that both the downlink and the uplink I;Tr(Rka) ;Tr (Wk(Yk * FrDeﬁk)) A&

power consumption increase wi cﬁ- However, the downlink

power consumption grows more rapidly than the uplink pow#¢here

consumption. The reason behind this is twofold. First, déig K J J

downlink transmit power is required to fulfill more stringenA = ng (ng + ij|fj7k|2) _ Z%‘Pj + 0 (18)
downlink QoS requirements. Second, the SI becomes more ;—; i=1 =1

severe for higher downlink transmit powers. Specificaligce J J

the FD radio BS tries to keep the total uplink transmit power E Vj (02 (V) + E T (V;G,) — M)
. . . . . _ z _ UL ’
low to avoid strong CCI for increasing downlink transmit pew i=1 -y req;



2 J . .
h;, are assumed to be statistically independent, and ffain (22),
U = t(1— 0;) — 01 21Q7 + 02\ P; —Q3), (19 . .
( ; )= M@0 2(; 5= @), (19 e obtaanszlT&"(wkwf(Y;; - ?ﬁf") > 0. By setting
K J r — oo, the term—r S5 ’I‘r(wkw (Y*+§ka) — —00.
. TTHYS k=1 k FDL

Ry = ; EmHm + Z%HSIVJHSI 0 AINe (20) 1y his case, the dual optimal value becomes ‘unbounded from

m#k Jj=1

below. However, the optimal value of the primal problém (6)
Here, A denotes the collection of terms that only involvéon-negative due to constrai@6. Thus, strong duality cannot
variables that are independent W. {x, v;, a;, andf; are hold which leads to a contradiction. TherefdRg, is a positive-
the Lagrange multipliers associated with constrai@ts C2, definite matrix with probability one, i.eRank(R;) = Nt. By
C3, andC6. Matrix Y, € C¥N7*Vt is the Lagrange multiplier applying [24) and a basic inequality for the rank of matrjces
matrix for the positive semidefinite constra@®#4 on matrixW,. we have

Thus, the dual problem for the SDP relaxed probleniid (16) is
given by

maximize minimize E(Wk, P, t, &k, 5, Yy, a,,@)

fk7wz,0¢>0 W eHNT
Y0 Pt

(21)

The constraingi1 0; = 1 is imposed to guarantee a bounded
solution of the dual probleni [16]. P
We reveal the structure of the optin®f, of (I6) by studying
the Karush-Kuhn-Tucker (KKT) conditions. For convenience[l]

we defineQ* £ {W; P;.t*} and®* £ {&;, v}, Y}, o, 07}
as the sets of the opt|mal primal and dual vanableslﬁ (21)[
In the following, we focus on the KKT conditions which are

needed for the proof: [3]

Yim0, &, 50 20,V Vi, Vi (22)
* * H
ka ::I{ gkIﬂDE ) (24)

reqy [5]
whereR is obtained by substituting the optimal dual variables
®* into (20). By exploiting [ZB), we hav& ;W; = 0 =  [g]
Rank(Y}) + Rank(W7}) < Nrp. By exploiting the fact that
Rank(W73) > 1 for W; # 0, we have

Rank(Y}) < Np — 1. (25)

If Rank(Y7}) = Nt — 1, then the optimal beamforming matrix 8]
W7} # 0 must be a rank-one matrix. In order to further reveal
the structure ofY;, we first show by contradiction th&; isa [
positive-definite matrix with probability one under the dition
stated in Theoren. Let us focus on the dual problem in{21){10]
For a given set of optimal dual variableB?, the optimal uplink
transmit power,P¥, and the optimal auxiliary variablg, the
dual problem m[(le) can be written as

(7]

[11]

minimize E(Wk,P*t vy, Y (26) [12]

04],6‘1)
W cHNT

SupposeR; is not positive-definite. In this case, we can choosges)
W, = rwywil as one of the optimal solution df (26), where

r > 0 is a scaling parameter and; is the eigenvector
corresponding to a non-positive eigenvalpg < 0 of R},

i.e., Riw, = prpwy. We substituteWy rwpwil and
R,’;wk = prwy into (28) which leads to

[15]

[16]

ZTr pkrwkwk — TZ Tr (Wkwk (Yk + %DL )) +A.
— k=1 redk

(27)
In (237), the first term,szler(pkrwkwkH) is not positive.
As for the second term, since the channel vectorg pfnd

H;
Rank(Y}) + Rank (& = DL )

req;,

— Rank(R})

(28)

H
> Rank (Y} +&i5pr-) = Np

reqy,

= Rank(Y}) > Np — L.

Combining the inequalities in_(25) anf_{28), we obtain that
Rank(Y}) =
robability one.

t — 1. Thus, Rank(W7) 1 holds with
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