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A Proof of Result 11

We open with a prehmmary lemma.
Lemma Al. f p™ (u)du < F"(t).

Proof.  The proof is by induction.  Firstly
fot pM (u)du = fo u)du = F(t). Then consider that
t
/ p™ (w)du = / / (u —v)p" Y (v)dvdu
0
= [t vian
0 v
t t—v
= [0 [ plajdeds
0 0
t
< F(t) / PV (v)do
0
< F()F"(t) = F™(t) as required.

Proof of Result II. We rewrite the renewal equation
and iterate it as follows (dropping the argument for
clarity)

m = c+Hpsxm
c+ Hpx(c+ Hp*m)
c+cHF(t)+ H*p® s« m

= cZHT/p(T) )du + H"p™ s m

We now use this m-identity in two ways. Firstly to
show only if and then to show if.

only if. Assume H > 1.
Noting that m(t) > ¢ > 0 we have

) > cZHr

t
) where F,.(t) = / " (u)du
0

Modelling: System Theory and

to appear, Automatica, 2020.

Now we argue by contradiction. Assume m(t) is
bounded i.e. m(t) < B < oo for all . Then B >
c> o HTF,(t) for all ¢. It follows that B > ¢ F(t)
for all t. Now let ¢ — oo so that F,.(t) — 1 for each
r. Then B > ¢ ;1 > cn. Now let n — oo and we
deduce B = oo which is a contradiction as required.

if. Assume H < 1. Then using Lemma Al in the
m-identity gives

m(t) < CZHTFT )+ H™(p'™ % m)(t)
—CTTE@T+H@ *m) ()
c
< H™ (p(™)
< Tl T em) ()
Now set m*(t) = (22, m(u). Then via Lemma Al

(p™ xm)(t) = / P (t — wym(u)du

0

< m*(t) /0 p™ (w)du < m*(t)F™(t)

Thus
m(t) < 1 H+H"F"(t)m*(t)
Sm(l) < e HUE (1)
c 1
=>m*t) <

1—H1- H"Fn(t)

Now let n — oo to get

= m(t) < —2
1—g "YU =1"g

as required. The proof is complete.

m*(t) <




B Calculation of @, _ iH(t_T,)e—ﬁo(t—Tj)ﬁ
J=1

We derive a basic property using integration by parts:

T
) 0o -1 =B = / x1(t)dt
(1) = / é1(u)du :/ %efﬁ““ﬁodu ' 0 1)
¢ ¢ (=1 T
S = 5[ HE-T)e g,
= / e Ydv 0
15, (L= 1)! T
. (—e™")Igs ‘1‘/C>O v e "dv - /T e,
(I—-1)! o Jig, (1= 2)! T,
tBo)! ! = n/ e Povdy
- (<zﬂ_)1>’ e+ @ (1) =),
o ] o = Xile ™
= t) = —q@i(t —1(2 n - —T;
1(1) ﬂo¢l()+ 1-1(1) = YMl-e Bo(T TJ))
1.
= D1 () — = By(t) o N ()
ﬁo ﬁo
Integrating this gives
r 1
/ (I)l(t)dt =L =I;_1+ 7(1 — @Z(T)) (21) .
0 Bo C.2 Calculation of B
since ®;(0) = 1. Also, Z;(T) < ¢1(0) = 1 Note that
®,(t) = e Pt and so we have For this case we have
Ry 1 Bt
I:/ e Potdt = —(1 — e Pe 2.2 n
s EAA i) = SIHE-T)ol—T))
T
The update for ®;(T) is given by = B, = / x4 (t)dt
0
1 T
QY(T) = P1-1(T) + E@(T) (2.3) _ ;l/ ot — Tj)dt
T
with @ (T) = e=#T. o (T
S R
0
C Calculation of B; for HL = i1 =2(T-1j))

= n=323%(T -1y
We take T, = 0 so that z1(7,) = 21(0) = 0. Denote
N7 = n so the final event time is T,,.

We now proceed step by step Using the ®; update from appendix A we get
C.1 Calculation of B; .
B = n=S"0, (T-T;)— =" (T - T;
We have I+1 21 P i) 5021 éi( )
1
xl(t) = Ej;Tj<t€7ﬁﬂ(t7T7)/80 = Bl — E‘/El-&-l(T)



D Calculation of dgéu)

We need to calculate d)r‘l(Tu) where

T = [%’},9: [{1] and

*p

AMu) = c—&—Zalfcl(u)
=1
Zi(u) = Ae®(u) + 2(v)

So we need to calculate

d\(u)  d\(u) dA(u)
il et

From 4.1, it is clear that

d\u) | 4
L

A\u) < dri(u) < d®;(u)
2, _;(“l )
We have
n(t) = > dilt—1;)
3T <t
e ubo (Bou)j_lﬁo
¢l(u) - (j—l)'
Thus
dult) _ 4 Y at-T)
dp, dp, Tt !
d
- Z e it —Ty)
7T <t °
Next

dey (u) d (e_ﬁou (ﬁou)l‘lﬂo>
dB, dB,

-1 -1
= oo Y - e
g (Bow) Tt (1 uT b
= T (6) T B
—Bou
doi(u) !
ay o Mo
l
= Z (d(u) — dr1(u))
We have then
dx;(t)
dp,
(4.2)
= Z dg ¢l(t - TJ)
JTy<t 7
" - ¥ ﬁi(qbl(t—Tj) — Gt = T))
4.3 §iT<t 7
l
= 3 (w(t) — 2141(2)) (4.5)

(4.4) Continuing we have

d‘I’l(t) _ /00 d(m(v)dv

“dB, dB,
Using 4.5 we have,
d%ot) (4.6)
-/ * (@ )5~ & (v)v) dv
_ é :o@(v)dv - /too v (v)dv
= - (o + 5 u0)
- _é@ (t) (4.7)

Placing 4.7, and 4.5, in 4.4, we get finally

20 (o

=1

=1 °



E Proof of Convergence in Re-
sult I1I

The convergence follows from lemma E2 below,
whose proof requires lemma E1.

Lemma E1. If 0 < K(v) - K as v — oo then
I I

—/ K(v)dv—)Kand—/ |K(v) — K|dv— 0
T Jo T Jo

Proof. The second result implies the first. Given
€ > 0 we can find T, so that for all v > T, we have

|K(v) — K| < e. Then
dr = 7/ ~ Kldv
1 T
_ 7/ ~ Kldv+ — / K (0) — K |dv
T ).

Now 1st term — 0 as T — oo and |2nd — term| < e.
Thus limsup dr < e. But € is arbitrary and the result
follows.

Lemma E2. Suppose 0 < K(v) — K as v — o0

then
1 (T
T /0 K(v)m

Proof. We use lemma E1 repeatedly. Since m(t) —
Ae then

T —v)dv — KA.

K [T K [T
?/0 m(T —v)dv = ?/0 m(u)du — KA
So we need only show
1 T
T:—/ [K(v) — KIm(T —v)dv — 0
T Jo
Again since % fOT(K(v) — K)dv — 0 we need only
show
1 (T
T:T/ (K(v) = K)(m(T — v) — A)dv — 0
0

Result 1T gives 0 < m(u) < B < oo for all w. Thus

T
drl < s m(T =)= A [ 1K) - Klao
0<v<T T Jo
1 T
< (B+/\6)T/ [K(v) = Kldv — 0
0

and the lemma is established.

F Calculation of B; for BAR

From the BAR subsection we have

t—1040

Sau(t) = Nitsrs — Nioss = / dN,

t—16

By inspection we make the crucial observation that

x1(t) =0for t <16 —0

T
/ (SCL'Z dt / 5.7;7( )
6—4
t— l5+§
[

Now change variables to 7 =t — [0 + J to get

Thus

0B, =

T—16+5 o7
0B, = / (/ dN,)dT
T—16+6 T_
= / / dN, — / W)dT =a; — b
0 0
Continuing

T—16+5 7
ap = / (/ dN,)dT
0 0

Change integration order to get

T—1646 T—16+6
/ AN, ( / dr)
0 u

T—16+6
- / AN, (T — 16 + 6 — u)
0

a =

= Yrncr—i545(T =164+ -T;)

T 1648 p7—8
b = / (/ dN,)dr
0 0

Change the order of integration to get

T—16+6 T—16+6
/ AN, ( / dr)
0 u+o

Next

b =



T—15+6
/ AN (T =16 — )
0

15— T
l6+<5—Ti—6):al—dl

Y1 <er—i545(T —

= Yrcr—i545(T —

where
di = 057, <r—156+51 = ONT_1545

Thus we find
dBi=a—by=a;— [ —dj) = di = 0N7_1545

and the claimed result follows.

G Proof of Result IV

We first calculate v4(0). From the remark following
result IV we get

5 = A [ lglie) + gl-du) + gl g

= 2X.9(0) + A /

To continue we need an expression for g(s).
(??) we find

|2dw

From

P . 1 p—l
= lim s 2o - ) =
s=oo (Tos + 1)P — Y Joy(Tos + 1)P

S hay/(Tos + 1)!

= lim s =a1/7,
s—00 1—21041/(7'08—1—1) 1/7—
Next
o dw
2
=
_ /°° |la(mojw + 1) dw
) [(Tejw + 1)P — a(Tejw + 1)|2 27
= VO/TO
PR e RS
7 e e+ 1P — a(ju’ + 1) 27
Thus we find

A
74+(0) = ==F where J = 2a;1 +V
To
where M, J do not depend on 7, but only on memory
parameters.
To complete the proof we derive the lower bound.

Using Parseval’s theorem, result IV(iv) and the
HL-HIR bound we find

o, BLH
] o)t O A T
h(s) = Z’fal/o e Sume Pou B, du ) o =
) ToPo =
B /Bé [(50 + S)u]l—l —(ﬂo-‘rS)ud (1 — H)Q (1 — H)Q
= Sty ) Cm et e find
1 00 Z‘l_l .
N fO”(TOH1)I/O ¢ T < ety _HH)2
_ oy L ald) L. He-H) 1
(Tos + 1)1 &7 T2 TN H? ey HI( - HY
where £ = 7,5 + 1 and (&) = Y- PayeP~!. Tt follows _ H(2-H)

that
a(§)/€r a(§)

als) = -
L—a()/r & —a(f)

Note that g(s) is strictly proper and in view of result

IV is stable. Using the Laplace transform initial value

theorem we find

9(0) =

lim sg(s)

5§— 00

H +2a,(1— H)?



